FINAL EXAM

Spring Semester 2021
July 2021

Length of the exam : 3h00 (from 8h15 to 11h15)

Attempt all the questions

First write your name, given names and section :

Name : Given Name :
Section :
Exercice Points
1 ———
2 —
3
4
5
Total points : |




1) FOR THIS QUESTION, I DO NOT EXPECT DETAILED IN DEPTH
PROOFS BUT SHORT JUSTIFICATION SHOULD BE GIVEN

i)Let P =
03 %20
P %00%
070 %
0100

Is & Markov chain with this transition probability irreducible ?

(ii) Consider a Markov chain (X, )n>0 on Z, with transition matrix, P,
satisfying
P = 0for |i—j| > 1.

Give necessary and sufficient conditions for the chain to be irreducible. Give
necessary and sufficient conditions for it to be aperiodic in the case where
the chain is irreducible.

(ili) Given a Markov chain (X, )0, define a stopping time T.

(iv) True or False? Justify! A Markov chain on ] = {1,2,3,4,5} must
have an invariant distribution.

(v) For transition matrix on I = {1,2,3,4}

R
RS 0191
% 2
o] gl pn 0

What is E'(T;) where Ty = inf{n > 0: X,, = 4}.

(vi) Customers arrive at a shop according to a Poisson process of rate 1/hour.
Given that 3 customers arrived during time inteval [2, 5], what is the proba-
bility that exactly one customer arrived in each of the intervals [2, 3], [3, 4]
and [4,5] 7

(vii) For continuous time Markov chain (X;)s>o on {1,2,3,4}, the above
matrix is the jump chain and for state i, the expected value of the time spent
at i before jumpng is equal to % for ¢ = 1,2, 3,4. Give the Q-matrix for X.



(viil) Give an example of an irreducible continuous time Markov chain
(Xt)t>0 which is not positive recurrent but for which the for the jump chain

is positive recurrent.
(ix) Consider continuous time Markov chain (X;);>oonN = {1,2, ---n,--.}
with ¢; 341 = (6 +1)%, ¢ 1= (¢+1)%for i > 2 and all other ¢; ; = 0 for 4, j

distinct. Is the chain explosive 7 Justify.
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